Recent directional solidification experiments with aqueous suspensions of alumina particles (Anderson & Worster 2012) motivate a model for freezing colloidal suspensions that builds upon a theoretical framework developed by Rempel et al. (2004) in the context of freezing soils. Ice segregates from the suspension at slow freezing rates into discrete horizontal layers of particle-free ice, known as ice lenses. A portion of the particles is trapped between ice lenses, while the remainder are pushed ahead, forming a layer of fully compacted particles separated from the bulk suspension by a sharp compaction front. By dynamically modeling the compaction front, the growth kinetics of the ice lenses are fully coupled to the viscous flow through the evolving compacted layer. We examine the periodic states that develop at fixed freezing rates in a constant, uniform temperature gradient, and compare the results against experimental observations. Congruent with the experiments, three periodic regimes are identified. At low freezing rates, a regular periodic sequence of ice lenses is obtained; predictions for the compacted layer thickness and ice-lens characteristics as a function of freezing rate are consistent with experiments. At intermediate freezing rates, multiple modes of periodic ice lenses occur with a significantly diminished compacted layer. When the cohesion between the compacted particles is sufficiently strong, a sequence of mode-doubling bifurcations lead to chaos, which may explain the disordered ice lenses observed experimentally. Finally, beyond a critical freezing rate, the regime for sustained ice-lens growth breaks down. This breakdown is consistent with the emergence of a distinct regime of ice segregation found experimentally, which exhibits a periodic, banded structure that is qualitatively distinct from ice lenses.
Introduction
The freezing of colloidal suspensions is a process with both technological and environmental implications. By studing the freezing behaviour in colloid suspensions, we can begin to understand freezing phenomena in more complex heterogenous systems (foams, gels, emulsions, tissues, etc.) . A particularly important observation in these systems is that they do not freeze uniformly: the frozen phase (e.g. ice) becomes segregated, trapping bulk regions of colloid within. A rich set of ice segregation patterns are generated depending on the freezing conditions and suspension properties (Taber 1929; Deville et al. 2006; Peppin et al. 2006; Deville et al. 2009) . In a process known as "ice-templating," this phenomenon is utilised in the fabrication of bio-inspired porous materials and composites (Zhang et al. 2005; Deville et al. 2006) . Other techonological applications include cryobiology (Rapatz et al. 1966; Mazur 1984) and food engineering (Velez-Ruiz & Rahman 2007) . In nature, ice segregation underlies frost heave, whereby saturated soils swell as frozen fringe. As the freezing rate is increased, the regime of disordered ice lenses exhibits a substantially diminished compacted layer. At the highest freezing rates, the compacted layer is completely absent. These observations suggest that the compacted layer plays an essential role in controlling the freezing behaviour. The primary objective of this article is to elucidate the role of compaction in ice segregation.
To model the ice segregation and compaction, we adopt a theoretical framework developed by Rempel et al. (2004) in the context of frost heave, whereby a new ice lens is initiated within a frozen fringe, which consists of pore ice that is connected directly to the preceding ice lens and extends up the temperature gradient through the porous matrix. The theory is related to "rigid-ice" models for frost heave (O'Neill & Miller 1985; Fowler 1989 ) and uses force-equilibrium constraints to derive expressions for the ice-lens growth rates and nucleation conditions; however, in the formulation used by Rempel et al. (2004) , the forces are derived directly from the thermo-physical interactions between the constituents of the partially frozen suspension. Our model extends the force-equilibrium constraints to allow for an evolving compaction front, where particles aggregate and form a cohesive matrix.
A full description of the problem is presented in §2, including details about the compaction and aggregation of the suspension as well as details about the frozen fringe used in the mathematical formulation. In §3, we summarize the theory developed by Rempel et al. (2004) , adapting it where necessary to include the compacted layer. This leads to a one-dimensional model for the vertical structure of the freezing suspension, consisting of two coupled ordinary differential equations for the position of the active ice lens and compaction front alongside algebraic conditions for the initiation of new ice lenses. In §4 we analyse the model, focusing on periodic states in a constant, uniform temperature gradient at fixed freezing rates. The regime of periodic ice lenses at slow freezing rates is analysed in detail and compared directly to the experimental observations of AW. At higher rates of freezing, we show that the diminishing compacted layer eventually leads to a breakdown of the ice lensing and that the nature of the approach to breakdown is sensitive to the cohesive strength of the compacted layer. Finally, in §5, we draw all of the predictions together and discuss their relevance to the experimental observations.
Problem Description

Directional Solidification
Consider an initially homogeneous colloidal dispersion with particle concentration φ 0 undergoing directional solidification, with the sample pulled at speed V through a constant, uniform temperature gradient G. This configuration, shown schematically in Figure 2 , conforms with experiments performed by AW and others (Watanabe & Mizoguchi 2000; Watanabe 2002; Peppin et al. 2008b) . In these experiments, a constant temperature gradient is achieved by sandwiching a Hele-Shaw cell, containing the suspension, between two heat exchangers. In contrast to freezing from a cold boundary held at a fixed temperature ("fixed chill"), directional solidification allows independent control of the freezing rate and temperature gradient. Consequently, a steady mean state is established for fixed V and G after a transient growth phase. The theoretical analysis that follows is primarily focused on prediction of the steady state.
The stages leading to periodic ice lenses are illustrated in Figure 2 . Initially, the sample is held stationary (V = 0) in a uniform temperature gradient with a single ice lens in thermodynamic equilibrium with the bulk suspension (Figure 2a ). Once the sample is put in motion, the ice lens begins growing to keep pace with the advancing isotherms. For throats, even at large undercoolings. Temperature variations along this premelted network give rise to variations in the disjoining pressure between ice and particles in accordance with Eq. (2.1). At a macroscopic level, this thermomolecular pressure gradient pushes the particles towards warmer temperatures and drives the migration of liquid towards colder temperatures to sustain ice-lens growth. This slow exchange of material along the temperature gradient, referred to as thermal regelation, is phenomenologically captured in early "rigid-ice" models of frost heave (O'Neill & Miller 1985; Fowler 1989 ). More recently, Rempel et al. (2004) reformulated the rigid-ice model from first principles, with direct appeal to premelting dynamics and Eq. (2.1). In the next section, we summarize the force equilibrium constraints developed by Rempel et al. (2004) , which yield the ice lens growth rate and give the conditions under which new lenses are initiated.
The direct observation of a pore-ice-bearing fringe in experiments on ice-lens formation has proven elusive (Watanabe & Mizoguchi 2000; Peppin & Style 2013 ) and recent theoretical work by Style et al. (2011) has proposed fringe-free mechanisms for ice-lens formation. Though AW do not directly probe for pore ice, the presence of a frozen fringe is consistent with other experimental observations. Specifically, in addition to providing a mechanism for ice-lens initiation and an explanation for the distinct appearance of the undercooled region ahead of the warmest ice lens (light-colored layer, Fig. 1 ), a frozen fringe is consistent with other observations: estimates for the ice-entry temperature (Eq. 2.2) fell within the range of undercoolings occupied by the light-colored layer; for a given freezing rate and compacted layer thickness, a frozen fringe, by reducing the permeability of the porous matrix, provides the additional resistance to flow necessary to dissipate all of the cryostatic suction generated at the warmest ice lens. By assuming a frozen fringe, the theory that follows provides a consistent framework for interpreting the experimental observations.
Governing Equations
Rigid-ice Model with Dynamic Reservoir
Working in the laboratory frame, let z measure the height above the bulk freezing isotherm T = T m (Figure 2 ). We adopt a frozen-temperature approximation (Davis 2001) with fixed temperature gradient G, such that position and temperature in the lab frame are related by
The frozen-temperature approximation neglects the effect of latent heat and assumes uniform thermal properties between all of the phases. These assumptions allow us to focus on the dynamics of the compaction front without needing to solve an additional heat equation, and their validity is discussed further in §5.
Taking z c (t) and z ℓ (t) to denote the instantaneous positions of the compaction front and the leading edge of the warmest (active) ice lens, respectively, the evolution of these quantities is given by the following kinematic relations:
where it remains to determine the growth rates V ℓ and V c relative to the laboratory frame of reference. The compacted layer grows as a result of particle accumulation at z c , where there is a jump in particle concentration from the bulk value φ 0 to the close-packed value φ p . The particle volume balance at z c gives
where the volume-averaged particle velocity, v p , is evaluated on each side of the compaction front to give the required jump in the volume flux of particles. In the bulk suspension, particles translate at the pulling speed:
In the compacted layer, the particle velocity matches the growth rate of the ice lens: v p (z − c ) = V ℓ . This latter result follows from the assumptions that the compacted layer is rigid, with a constant particle fraction, and that the ice lens is completely devoid of particles. Substituting these values for v p into Eq. (3.3) yields the growth rate of the compaction front
Note that when the ice lens is stationary in the laboratory frame (V ℓ = 0), the compacted layer continues to grow owing to the supply of particles from the bulk suspension. The fluid flow induced by ice lens growth is sufficiently slow that inertia can be ignored. Ice lens growth is therefore governed by a force-equilbrium constraint. Rigid-ice models derive their name from the assumption that, when a frozen fringe is present, the pore ice and ice lens form a rigid interconnected body of ice -forces that are generated on the surfaces of the pore ice are transmitted directly to the ice lens without deforming the pore-ice network (O'Neill & Miller 1985) . The net force on the ice lens is the contribution of stresses over the entire premelted surface of the ice in contact with the particle matrix. There are two primary stresses involved: those arising from viscous flow through the porous matrix and those with a thermomolecular origin, derived from disjoining forces between the ice and particles. In the context of frost heave in soils, overburden stresses produced from the weight of the overlying soil or from an applied load at the surface of the soil are also relevant. With appeal to the experiments in AW, we neglect gravity and any associated overburden, since they are small compared to the thermomolecular stresses.
First, consider the total thermomolecular force F ice T acting on a portion of the warmest ice lens with cross-sectional area A. This force is given by an integral over the surface of the ice Γ (see Figure 4c ) directly connected to this portion of the ice lens
where p T is the disjoining pressure and dΓ is the surface area element with normal directed exterior to the ice. The integral on the right-hand side of this expression was obtained by substituting Eq. (2.1). Rempel et al. (2004) analyzed this latter form directly using the principle of "thermodynamic buoyancy" (Rempel et al. 2001) , which states that the net thermomolecular force is proportional to the volume of ice displaced by the particle matrix. This dramatically simplifies the expression for the thermomolecular stress to (3.6) whereẑ is the unit coordinate vector directed along the temperature gradient and Φ is the (temperature dependent) volume fraction of ice, discussed in greater detail below. Note that P ice T ≤ 0, indicating that disjoing forces push the ice lens towards colder temperatures. In the absense of a frozen fringe, where z ℓ > z f and Φ = 0, the thermomolecular stress is given by
Similarly, the total hydrodynamic force F ice µ acting on the same portion A of the ice lens arises from variations of the fluid pressure p over the surface Γ. Rempel et al. (2004) used the divergence theorem to simplify the surface integral for F ice µ by assuming that the macroscopic pressure gradient is one-dimensional, i.e. ∇p = (dp/dz)ẑ. Furthermore, since we are only concerned with gradients of the fluid pressure, it is convenient to define p relative to the external pressure, so that p = −Π, where Π is the compressive stress on the particle matrix (Peppin et al. 2005 ) (see Figure 3) . Accounting for the force required to aggregate a portion A of the suspension at the compaction front, it follows that the total hydrodynamic stress on the ice lens is given by
Fluid flow is assumed to obey Darcy's law µu ·ẑ = −k(dp/dz), where u is the Darcy flux, µ is the fluid viscosity and k = k(Φ) is the pore-ice-dependent permeability, which is discussed in greater detail below. Continuity at z = z ℓ requires u ·ẑ = −(1 − Φ)(V + V ℓ ), so that
Requiring that z c > z ℓ we have P ice µ ≥ 0, indicating that hydrodynamic stresses cause the ice lens to advance towards warmer temperatures.
With the absence of external forces, the opposing hydrodynamic and thermolecular forces must balance, providing the equilibrium constraint
on the ice lens growth rate. Substituting Eqs. (3.6) and (3.8) into the contraint above gives
In order to specify the dynamical system completely, constituitive relations are needed to prescribe the temperature dependence of Φ and k within the frozen fringe. These relations are discussed below.
Ice Lens Nucleation
For given ice lens and compaction front positions, the total stress on the particle matrix Π(z) at a position z > z ℓ comes from a combination of thermomolecular and viscous stresses, denoted by Π T and Π µ , respectively. We define Π such that Π > 0 corresponds to a particle matrix in compression and Π < 0 to tension. Newton's third law ensures that the forces on the particle matrix are equal and opposite to the forces on the ice, so that the same integrals used to derive P ice T and P ice µ apply, but for the portion of ice surface above the isotherm at z. Following Rempel et al. (2004) , the stresses on a horizontal cross-section A are
which push the particles towards warmer temperatures, and 12) which push the particles towards colder temperatures, in the direction of the flow. Here again, the principle of thermodynamic buoyancy applies to Π T , with the quantity in brackets giving the volume of ice displaced by the particle matrix between the isotherm at z and the isotherm for the bulk freezing point. Note that, with z ℓ and z c appearing as parameters in the expression for Π µ , the resulting stress distribution is instrinsically time dependent. Ice lens nucleation occurs at a point z n in the interior of the frozen fringe at the first moment t n that the thermomolecular stress balances the combination of the hydrodynamic stress and the cohesive strength Σ of the particle matrix. This is determined by
such that ∂Π ∂z n = 0, (3.14)
where z ⋆ ℓ,c = z ℓ,c (t n ). When the nucleation conditions above are satisfied, a new ice lens is assumed to form instantaneously and the previous ice lens becomes inactive. Integration of the evolution equations (3.2) is therefore stopped and restarted with new initial conditions (z ℓ (t n ), z c (t n )) = (z n , z ⋆ c ) until a limit cycle is obtained.
Frozen Fringe Constitutive Relations
Models (O'Neill & Miller 1985; Cahn et al. 1992; Rempel et al. 2004) for the ice fraction Φ and permeability k in the frozen fringe are given by relations of the form
where, k 0 is the permeability of the ice-free compacted layer, α and β are positive exponents and
is the temperature-dependent liquid fraction occupying the pore space, reflecting the continuous nature of the phase transition in a porous medium. For simplicity, the exponents α and β are taken as constants. There is some justification for this in the literature. A theoretical examination of f L by Cahn et al. (1992) showed that α ≈ 2 for moderate undercoolings in the case of ordered packings of monodisperse particles, and they found good agreement with experiments. The physical basis for α = 2 is that the vast majority of the liquid resides in the pendular regions near particle contacts, where curvature is the dominant factor in Eq. (2.1); only at large undercoolings does the contribution to the liquid fraction from premelted films become important. In more recent theoretical work, which examines random packings and incorporates effects from dissolved impurties (Hansen-Goos & Wettlaufer 2010) and polydispersed particles (Rempel 2012) , constant α remains a good approximation for moderate undercoolings, though the predictions give 1 < α < 2. In the case of the exponent β controlling the permeability, Rempel et al. (2004) suggest that β = 4 based on geometric arguments for the fluid pathways when the majority of the water is located in the pendular regions. In all likelihood, the value of β is system-dependent. For instance, values of β inferred from experimental data compiled for naturally occuring clays and silts are highly variable (Andersland & Ladanyi 2004) . O'Neill & Miller (1985) use values 7 ≤ β ≤ 9. Based on our own experiments with aggregated alumina, the value was estimated to be β ≈ 6 (see AW). Below, we assess the sensitivity of the model to α and β, along with other parameters that are not well constrained.
Nondimensional System
The system of equations above are made nondimensional with the following scales: length
Indicating rescaled quantities with hats, we define nondimensional variableŝ
such that the ice-entry isotherm is located atẑ = −1. Applying this rescaling to Eqs. (3.4) and (3.10), gives nondimensional growth rateŝ
where I 1 and I 2 are integrals defined by
is the liquid fraction, rewritten in terms ofẑ. Rescaling the nucleation conditions (3.13) and (3.14) giveŝ
respectively. In addition to the parameters α and β, the nondimensional parameters appearing above areV
which define a nondimensional pulling speed, aggregation pressure, and cohesive strength, respectively.
Results
Fixed vs. Dynamic Reservoir
First, consider a scenario where the position of the compaction front is fixed in the laboratory frame, i.e. whereV c = 0, which is equivalent to the case of a fixed reservoir considered in previous frost heave models (O'Neill & Miller 1985; Fowler 1989; Rempel et al. 2004; Rempel 2007) . Although this scenario is artificial, it allows us to summarize the main features of the model before moving on to the more general case to assess successive ice lens nucleation events become important. Indeed, we discuss later how these oscillations inẑ c lead to a breakdown of the periodic-ice-lensing state at high pulling speeds. Phase-plane trajectories (ẑ ℓ ,ẑ c ) are shown in Figure 6 for the same parameter values as in the fixed-reservoir case. The curves forV ℓ = 0 andV c = 0 partition the phase plane into three regions from which intial conditions (points 1, 2, and 3) were chosen for the trajectories shown. The loci of points (ẑ ⋆ ℓ ,ẑ c ) and (ẑ n ,ẑ c ) obtained from the ice lens initiation criteria, Eqs. (3.13) and (3.14), are also included in the phase plane. When a trajectory reaches the point (ẑ ⋆ ℓ ,ẑ c ), a new ice lens is activated, and the trajectory re-emerges at the point (ẑ n ,ẑ c ). The resulting oscillations ultimately converge to a limit cycle, which is the unique attractor for all trajectories in the phase plane. In the next section, we examine features of the limit cycle as the system parameters are varied.
Periodic Ice Lenses
In a series of freezing experiments with alumina suspensions, varying only the pulling speed, AW measured the steady-state thickness of the compacted layer and ice lens characteristics (spacing and thickness). We compare these experimental observations against theoretical predictions, by computing the limit cycle for a range ofV . For the steadystate thickness of the compacted layerĤ, we compute the time-averaged value ofẑ c −ẑ ℓ over the entire cycle. The ice lens spacing (λ s ) and thickness (λ t ) are given bŷ
wheret n is the time when the ice lens is initiated at positionẑ n andt ⋆ ℓ is the time when the ice lens reaches depthẑ ⋆ ℓ and the next ice lens is initiated. These calculations are shown in Figure 7 . The experimental measurements were made nondimensional using the following parameter values:
−3 Pa s and k 0 = 2 × 10 −13 cm 2 . Recalling Figure 1 , three regimes of ice segregation were observed in the experiments, depending on the value ofV . The intervals ofV for the three experimental regimes are identified in Figure 7 (b) as I, II, and III. At low pulling speeds (I), regular periodic ice lenses were observed, which are accompanied by a compacted layer of appreciable thickness. At moderate pulling speeds (II), over a relatively narrow range ofV , a new regime emerges where the extent of the compacted layer is considerably diminished and the pattern of ice lensing disordered. These two regimes of ice lens formation are replaced at higher pulling speeds (III) by a new mode of ice segregation, which has a periodic banded structure that is qualitatively different from ice lenses. Furthermore, there is no visible compacted layer in this latter regime.
The theoretically obtained results also exhibit three regimes. For the smallest values ofV , the limit cycle has a single mode of ice-lens formation (Fig. 7c) , just as in the experiments. The computed values ofĤ,λ t andλ s in this regime have a power-law dependence onV that is qualitatively similar to the experimental measurements. In the case ofĤ, there is good quantitative aggreement with the experiments for the chosen parameter values. The quantitative discrepancy in the prediction of the ice lens characteristics may be due to poorly constrained parameters, as discussed further below. Over an intermediate range ofV , the limit cycle has two modes of ice-lens formation (Fig. 7d) . The transition to bimodal oscillations is also apparent from the multiple values ofλ t and λ s for a givenV , with an appreciable difference in the thickness of the ice lenses between the two modes of the limit cycle. Finally, above some critical value ofV , marked by the
Breakdown of Periodic Ice Lenses
The eventual breakdown of the regime for periodic ice lenses is a consequence of the diminishing thickness of the compacted layer at increased freezing rates. Formally, we identify a critical value ofV where breakdown occurs, as the value where the compaction front intercepts the leading edge of the frozen fringe before the solution trajectory reaches a limit cycle, since the event would nucleate ice growth in the supercooled bulk suspension, which cannot be described with the present model. Moreover, as a result of the oscillations of the compaction front, which are coupled to the repeated generation of new ice lens, there are interesting transitions in the periodicity leading up to the breakdown. The richness of the behaviour is illustrated in Figure 9 , which displays plots of the ice lens thickness and the minimum and maximum values ofẑ c between successive ice lens nucleation events asV is varied. Results are produced for three different values of the cohesive strengthΣ.
Multiple modes of periodic ice lenses, where the thickness of the ice lenses alternates between large and small values, are a common feature for each of the cases in Figure 9 . The source of these multiple modes can be understood by referring to the limit cycles in Figures 7(c,d) . For a limit cycle with a single mode, the point (ẑ n ,ẑ c ) in the phase plane that marks the position where new ice lenses are initiated in the cycle, is at a point whereV ℓ ≤ 0. By increasing the freezing rate, the point (ẑ n ,ẑ c ) can cross the curve for V ℓ = 0 under certain conditions, thereby splitting the limit cycle into two modes: the ice lenses nucleated at the pointV ℓ > 0 (to the right of the curve) grow to be thicker than their predecessors. In the fixed-reservoir case analysed by Rempel et al. (2004) , the point whereV ℓ (ẑ n ,ẑ c ) = 0 is an unstable fixed point (Fig. 5a ) that separates the periodic-icelens and single-ice-lens regimes, leading to hysteresis between these two states. When there is an evolving compacted layer, this hysteresis is removed and instead replaced by mode-doubling.
For the cohesionless particle matrix, bimodal ice lenses occur over a small range ofV in Figure 9 (Σ = 0); these two modes coalesce before breakdown occurs. For larger values of Σ, the window for multi-modal ice lenses expands, beginning at smaller values ofV and extending beyond the point of breakdown, which is also shifted to smaller values ofV . Mode-doubling is particularly prevalent forΣ = 0.1. Here, a sequence of mode-doubling bifurcations generates a cascade into chaotic ice lens generation, which exists over a finite range ofV . When the chaos subsides, a 3-mode limit cycle remains up until the point of breakdown. The disordered nature of the ice lenses observed experimentally at intermediate freezing rates could be a manifestation of multimodal and, in some instances, chaotic oscillations. At larger values of the cohesive strength, where chaotic oscillations are computed, the range ofV over which multi-modal oscillations are predicted coincides more closely with the experimental range of the disordered ice lenses (Regime II, Fig. 7b ). Further discussion of this connection is given in the next section.
Discussion
In this article, the one-dimensional frost-heave model developed by Rempel et al. (2004) was extended to include an evolving compaction front that separates a homogenous colloidal suspension in the bulk from the region of ice-lens growth, and which is the site of a stress-induced sol-gel transition. The resulting close-packed layer imparts viscous resistance on the transfer of water from the bulk suspension to the freezing zone and possesses a cohesive strength that curtails the initiation of new ice lenses. The extended model consists of two coupled ODE's for the growth of the compacted layer and the active ice lens along with nucleation conditions for ice-lens intiation. By computing the limit cycles of this dynamical system, we obtained solutions corresponding to periodic ice lenses along with an explanation for the breakdown of these solutions, and have compared these predictions against directional solidification experiments perfomed by Anderson & Worster (2012) .
In directional solidification experiments, the compacted layer is developed in situ, which provides a convenient means of studying frost heave and ice-lens formation. Since the thickness of the compacted layer is set dynamically, the coupling between the icelens growth kinetics and the position of the compaction front must be considered in order to make direct comparisons between theory and experiment. Measurements of icelens growth rates in previous directional solidification experiments on silica suspensions have not considered the compacted layer (Watanabe 2002) . Moreover, when describing freezing experiments on fully consolidated suspensions (e.g. Taber 1929) , frost heave models require the location of a "reservoir," which provides the supply of water for icelens growth. Frost-heave models typically fix the position of the reservoir (O'Neill & Miller 1985; Fowler 1989; Rempel et al. 2004; Rempel 2007) , for example, at the leading edge of the frozen fringe (frost line). In §4.1, we showed that this assumption results in an incorrect accounting of the resistance to flow in the unfrozen suspension and, in some cases, produces incorrect predictions of the long-time frost-heave behaviour.
In §4.2, we compared the periodic states computed from our model against experimental measurements reported by Anderson & Worster (2012) for ice-lens characteristics and compaction layer thicknesses in alumina suspensions at freezing rates where the compaction front is well separated from the freezing zone and the ice-lens formation is periodic. The trends in these measured observables as the freezing rate is varied are reproduced by our model. The predictions were found to be sensitive to the parameters controlling the permeability in the frozen fringe (β) and the cohesive strength of the particle matrix (Σ), both of which are not yet well constrained. Within sensible ranges for these parameter values, good quantitative agreement was obtained in the prediction of the compacted layer; however, the quantitative agreement in the prediction of the ice-lens thickness and spacing was at best fair, as the model overestimates these latter observables by approximately a factor of 3 over the range of freezing rates considered.
This quantitative discrepancy may arise in part from simplifying assumptions made in the model. Style & Peppin (2012) discuss "kinetic effects" arising from additional viscous dissipation in the premelted films in contact with the active ice lens. Though these effects are most relevant in fringe-free models, the additional viscous dissipation in premelted films may indeed play a role even when significant drag is provided by a frozen fringe. Another potential source of discrepancy is the assumption a constant, uniform temperature gradient, which ignores complications from thermal effects, like differences in the thermal properties between the constituent materials and latent heat release. In fact, the alumina system used by Anderson & Worster (2012) has widely disparate thermal properties; for instance, the thermal conductivities of ice and alumina are 2 Wm −1 K −1 and 35 Wm −1 K −1 , respectively, leaving the possibility for significant heat transfer heterogeneities precisely where the ice and suspension are segregated. This issue could be addressed in future experiments with a different choice of particle. As for latent heat release, this can be accounted for by adding a heat equation to the model; the necessary details are provided by Rempel (2007) . At this point, it is difficult to assess the impact of these effects on ice-lens formation.
Given the assumptions of the model, we obtain a theoretical framework that provides an explanation for the three regimes of ice segregation in the experiments. At intermediate freezing rates, where periodic ice lenses transition to disordered ice lenses in the experiments, the model predicts a transition from a single mode to multiple modes of ice-lensing, and, in some cases, even chaotic oscillations. Theoretically, multiple modes arise from a mode-splitting mechanism, which is related to the existence of an unstable fixed point (and hysteresis, Rempel et al. 2004 ) separating the single-ice-lens and periodic-ice-lens states in the case of a fixed compaction front ( §4.1, Fig. 5 ). In the case of a dynamic compaction front, the unstable fixed point is removed and the single-ice-lens state becomes the thicker of the two ice lenses when the limit cycle splits. The freezing rate (V ) where multiple modes are first obtained was shown to be sensitive to the cohesive strength of the compacted layer (Σ). For the valueΣ = 0.1, the first mode-doubling bifurcation occurs atV ≈ 0.5, in close agreement with the experimentally observed transition atV ≈ 0.4. Moreover, for this value ofΣ, chaotic oscillations are predicted. These features of the model are driven by oscillations of the compaction front coupled to cyclic ice-lens formation, and we propose this to be one of the drivers of the disordered ice segregation in the experimental observations. Disordered ice lenses eventually give way to a new form of banded ice segregation at high freezing rates. Theoretically, we predict this transition to occur when the compaction front intercepts the leading edge of the frozen fringe at the ice-entry isotherm, at which point ice would invade the bulk suspension. Other factors not considered in our model may cause this transition to occur at lower freezing rates. For instance, the pattern of ice segregation in the regime of disordered ice lenses exhibits horizontal variations that are not included in this model. Another factor may arise from the observation that the position of the compaction front in steady state is predicted to reside below the isotherm for the bulk freezing point over an appreciable range of freezing rates below where breakdown is predicted. The resulting undercooling of the bulk suspension may lead to morphological instabilities like those predicted by Peppin et al. (2008b) . Horizontal modulations of the ice segregation pattern arising from such instabilities could explain what appear to be dendritic ice crystals in the particle rich bands at high freezing rates (Anderson & Worster 2012) , while the overall periodicity of the banding in this regime could be inherited from dynamics described herein. Such factors require further study. The one-dimensonal model presented in this article would provide a basic state for such a study.
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